The deformation, drainage, and rupture of an axisymmetrical film between colliding drops in the presence of insoluble surfactants under the influence of van der Waals forces is studied numerically at small capillary and Reynolds numbers and small surfactant concentrations. Constant-force collisions of Newtonian drops in another Newtonian fluid are considered. The mathematical model is based on the lubrication equations in the gap between drops and the creeping flow approximation of Navier-Stokes equations in the drops, coupled with velocity and stress boundary conditions at the interfaces. A nonuniform surfactant concentration on the interfaces, governed by a convection-diffusion equation, leads to a gradient of the interfacial tension which in turn leads to additional tangential stress on the interfaces (Marangoni effects). The mathematical problem is solved by a finite-difference method on a nonuniform mesh at the interfaces and a boundary-integral method in the drops. The whole range of the dispersed to continuous-phase viscosity ratios is investigated for a range of values of the dimensionless surfactant concentration, Peclét number, and dimensionless Hamaker constant (covering both "nose" and "rim" rupture). In the limit of the large Peclét number and the small dimensionless Hamaker constant (characteristic of drops in the millimeter size range) a fair approximation to the results is provided by a simple expression for the critical surfactant concentration, drainage being virtually uninfluenced by the surfactant for concentrations below the critical surfactant concentration and corresponding to that for immobile interfaces for concentrations above it. C 2000 Academic Press
INTRODUCTION
Most practically occurring fluid-liquid dispersions contain surface-active materials, either by accident or design, that can strongly affect drop and bubble coalescence (see for example the studies (1-7) on bubble coalescence and the studies (8, 9) on drops). It has long been realized that this sensitivity derives from the fact that minor variations in interfacial/surface tension, associated with small variations in surfactant concentration, produce additional tangential stresses that translate into significant forces per unit volume of the film, thereby modifying film-drainage rates. Attempts to quantify such effects have so far simplified the coupled processes of flow and interfacial deformation by approximating the film as plane (see for example (10) (11) (12) ).
The present paper solves the full coupled flow and interface equations governing drainage and rupture of the film between interacting drops, together with those governing surfactant transport and interfacial tension, in the simplest possible case: Despite the limitations imposed by (a)-(c), the present study has some practical relevance:
-Restriction (a), for example, is satisfied by sufficiently small drops arriving at a plane interface under gravity. 3 -Restriction (b) provides a good approximation of the behavior of compatibilizers (9) or of soluble surfactants when the time scale of diffusive exchange between bulk and interface is much larger than that of film drainage (strong surfactants and/or small bulk diffusion coefficients).
-As shown by the experimental studies cited, very small surfactant concentrations suffice to virtually arrest film drainage so that this is the concentration regime of primary interest.
In Section 2.1, the equations governing film drainage and rupture in the absence of surface-active species (13) (14) (15) (16) are extended to incorporate the influence of an insoluble surfactant, making use of the simplifications provided by the limitation to low concentrations. These equations are then rewritten in terms of transformed variables, thereby reducing the number of system parameters to four: a transformed viscosity ratio, a transformed surfactant concentration, a Peclét number, and a transformed Hamaker constant (Section 2.1). The numerical method, consisting of a finite-difference explicit scheme for the film and for the interfacial convection-diffusion equation, in combination with a boundary integral method for the drop equations, is set out in Section 2.2.
In Section 3, the influence of the four parameters is explored beginning with the simplest case in which interfacial diffusion and van der Waals interactions are absent (Section 3.1). A correspondence is noted between the numerical predictions and certain surprising experimental results obtained recently by Hu et al. (9) . Section 3.2 examines the influence of interfacial diffusion on the behavior while in Section 3.3 the process of film rupture under the influence of van der Waals forces is investigated. Section 4 presents a simple model for the critical surfactant concentration leading to interfacial immobilization in the case of large Peclet numbers and small values of the transformed Hamaker constant, a situation characteristic of drops in the millimeter size range. Finally the conclusions are presented in Section 5.
MATHEMATICAL FORMULATION AND NUMERICAL METHODOLOGY
Two drops of the same Newtonian liquid interacting along the line of their centers under a constant force in another immiscible Newtonian fluid are considered in the presence of van der Waals intermolecular forces and insoluble surfactants (see Fig. 1 ). µ is the drop viscosity and σ ( ) the interfacial tension, which depends on surfactant concentration (r, t), where t denotes time. The drops are considered to approach each other at specified velocity V (t), which is adjusted during the drainage process to maintain a constant interaction force. The same procedure can, however, be used for time-dependent approach velocities, including force-time relationships representative of actual drop collisions.
Governing Equations
The model is simplified by a number of approximations, which are valid in the limit of gentle collisions (film radius much smaller than drop radii) and which have been discussed in (16) . In addition, the influence of both inertia and of viscous normal stresses on the film flow and on the adjacent flow in the drops is supposed to be negligible-an approximation that is generally acceptable unless the dispersed to continuous viscosity ratio is extremely small (14) . In the present section the convectiondiffusion equation, which governs the surfactant distribution and related Marangoni effects, is incorporated into the model. The governing equations are the same for unequal drops and equal drops when formulated in terms of the equivalent radius (17) : The effect of van der Waals forces is represented by an attractive force between the interfaces of − per unit area, where is the disjoining pressure. For the small film thicknesses concerned, is given by the nonretarded Hamaker expression
where A is the Hamaker constant and h the film thickness. The resulting governing equations are set out below. The lubrication approximation of the Stokes equations applies in the film in integral form
where h = h 1 − h 2 is the gap thickness, τ the tangential stress exerted on the interface by the film, p the pressure in the film, and u the mean velocity in the film, consisting of the sum of uniform and parabolic parts, u u and u p , respectively,
[5]
Note that u u is also the interface velocity.
Creeping flow equations apply in the drops, [7] where p d is the pressure and v the velocity in the drops. The boundary conditions at the interfaces consist of continuity of tangential velocity and stress, together with a jump in normal stress associated with the interfacial tension:
[10]
τ d is the tangential stress exerted on the interface by the drop phase. The interfacial tension, σ , depends on r and t through the surfactant concentration (r, t), which will be discussed later. We remark that an equation similar to [9] in (18) (see their Eq. [5] ) is wrongly written-the coefficient 1/2 in its right-hand side should be 1. In [10] σ av is an average value of σ and will be discussed later.
The outer boundary conditions at sufficiently large r , r large , are p(r large ) = 0 [11] ∂h ∂t r large = −V (t), [12] where V (t) is adjusted so that
F is the interaction force (the balance between the repulsive force due to the excess film pressure and the attractive van der Waals force) which is here chosen as constant; a is a measure of the film radius (a = constant). In what follows we refer to the region in which r ≤ a as "the film." The initial condition, at t = 0, is
corresponding to undeformed drops. In order to close the governing Eqs. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] a relation between σ and is needed as well as the governing equation for the surfactant concentration on the interfaces. In the case of insoluble surfactants the convection-diffusion equation reads (19) [15] in which D s denotes the surface diffusion coefficient and terms involving the interfacial slope have been neglected (see (16) 
with boundary conditions -no flux across the axis of symmetry, r = 0,
-uniform surfactant distribution far from the film region, at r large a,
To check the sensitivity of film drainage to the type of boundary condition for the convection-diffusion equation [16] at r large , boundary conditions of both uniform surfactant concentration and of zero surfactant flux have been implemented in the numerical scheme. The latter could be more relevant to some experimental equipment, involving approaching drop segments (as in the Scheludko-Exerowa cell). The numerical results obtained using these boundary conditions (supposing r large is chosen sufficiently large), however, show no difference regarding the surfactant concentration in the film region or the film drainage characteristics. Thus boundary condition [18] of uniform surfactant distribution far from the film region is used here.
Uniformly distributed surfactant with concentration 0 on the initially undeformed interfaces is considered as an initial condition for [16] :
To check the sensitivity of film drainage to the distribution of the surfactant prior to film formation, which can be influenced by the approach history of the drops, initial conditions differing from [14] and [19] were used in some cases.
The interfacial tension corresponding to a given value of the surfactant concentration follows from the surface equation of state. The latter in the small limit, considered in the present study, is given by the 2D gas law (linear dependence σ ( )) (see for example (19) ) [20] where σ s − σ is the "surface pressure," R G the gas constant, T the absolute temperature, and σ s the interfacial tension in the absence of surfactant. A simplification of the governing equations is possible via a transformation of the variables that renders them dimensionless and reduces the number of parameters to four: the dimensionless groups λ * , * 0 , Pe * , and A * containing, respectively, the viscosity ratio λ, the initial surfactant concentration 0 , the Peclét number, and the Hamaker constant A. The transformation is
where a is the dimensionless radius of the film: a = a/R eq . In transformed variables the governing equations become:
-Equations in the film, see [3, 4] :
-Equations in the drop, see [6, 7] :
-Boundary conditions at the interfaces, see [8] [9] [10] :
which is obtained after replacing σ av and σ in [10] by σ s . It is easy to see that the relative error introduced in the equation due to this change is less than * 0 a 2 , which may be neglected in the small deformation limit (a 1).
-Convection-diffusion equation, see [16] : -Initial conditions, see [14] and [19] :
-Outer boundary conditions, see [11] [12] [13] :
[34]
For future reference we mention two limiting cases in surfactant-free systems, corresponding to λ * → 0 and λ * → ∞. In the former case the Poiseuille contribution to film drainage, represented by the second term on the right-hand side of [22] , becomes negligible and drainage is governed by the interface velocity u * u , which in turn is limited by viscous stresses exerted by the drop phase. This situation of "partial interfacial mobility" is an important one since it constitutes a good approximation in many practical systems (14, 16 ). The drainage rate is then inversely proportional to the dispersed-phase viscosity, µ, for equal values of the other variables. In reality, if µ is progressively reduced this proportional increase in the drainage rate will at some point be halted by the arrival of either inertial or viscous normal stresses, which have been neglected in the present equations. This is typically the case if the dispersed phase is a gas.
The opposite limit, λ * → ∞, corresponds to interfacial immobility. u * u is then negligible and drainage is governed by the Poiseuille contribution. The approximation of partial interfacial mobility is typically a good one up to λ * values of order 10 while the approximation of interfacial immobility typically becomes a good one for λ * values of order 10 3 or more (16).
Numerical Scheme
The solution scheme for the mathematical model [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] is the same as that used in (16 . A more detailed discussion of the satisfaction of the prescribed force boundary condition can be found at the end of this section.
Equations [24] and [25] , governing the flow in the drops, are solved by a boundary integral method, approximating the interface as flat and neglecting its normal velocity,
where the elliptic Green's function kernel φ(r * , r ) is
[36]
Equations [22] and [29] , governing the evolution of the film thickness, h * , and surfactant concentration, * , are solved by an Euler explicit finite-difference scheme on nonuniform mesh. These equations, especially [22] , are very stiff, which in combination with the explicit scheme for their solution leads to severe limitations on the time step, which in turn is reflected in an enormous CPU time, as discussed in Refs. (15) and (16) . To overcome this problem a multiple time step approach has been developed (20) with automatic choice of the time steps, which is successfully used for the present calculations. For more detailed discussion on this approach see the above-mentioned studies.
The values of the extra parameters h * ini , r * large , V * appr , and r * are chosen large/small enough for the results to be independent of their exact values (see (16) ). For surfactant-free systems (16) , the values used were r * large = 10 (with the exception of very small λ * values (λ * < 1) for which r * large = 25), h * ini = 10, and V * appr = max{20λ * ; 20}, and the spatial step was r * = 0.01 in the film region (r * < 1. left-hand side of [34] reaches the required value of 1. From this point on the approach velocity, V * (t * ), is modified continually in order to satisfy [34] . Figure 2a shows that for V * appr = 1, the requirement F * (t * ) = 1 is not satisfied until t * ∼ = 13. For V * appr = 10 this point is reached at t * ∼ = 0.25, while for V * appr = 100 it is reached at t * = 5 × 10 −3 . For the larger two values of V * appr , h * min and V * (t * ) are seen to be virtually identical in all but the very earliest stages of drainage. For the smallest value of V * appr , however, the failure to satisfy the force balance early on affects the entire process of drainage (though not, as it happens, the final value of h * min ). We note that the fluctuations in the approach velocity V * (t * ) around t * = 2.5, which are due to remeshing, do not affect the force F * (t * ) and the film thickness profile at all.
RESULTS
To understand the influence of insoluble surfactants better the different elements of the model are introduced sequentially. Section 3.1 considers the case of purely convective distribution of surfactant (diffusion being neglected), in which the influence of the surfactants on film drainage is strongest. In Section 3.2 the influence of surface diffusion on the surfactant distribution and thence on film drainage is investigated. The effect of insoluble surfactants on film rupture due to van der Waals forces is analyzed in Section 3.3.
Negligible Surface Diffusion
The case of purely convective surfactant distribution (Pe * = ∞) is considered here in the absence of van der Waals forces (A * = 0). Thus the combined effect of the two parameters λ * and * 0 is studied. The λ * values cover the entire viscosity ratio range from the partially mobile to the immobile limit In Fig. 3a the evolution of the minimal gap thickness, h * min , is shown for initial surfactant concentrations, * 0 , of 0.9 or more. After reaching some gap thickness, which depends on ( * 0 ), the interface is immobilized, resulting in a complete cessation of drainage since the parabolic contribution is absent.
For * 0 values less than about 0.8, interfacial immobilization no longer occurs and drainage becomes almost insensitive to the value of * 0 . This is because during the initial approach virtually all of the surfactant is expelled from the film region so that the film is bounded by surfactant-free interfaces. This is discussed in more detail at the end of the present section, where small but nonzero values of λ * are considered. Although the case λ * = 0 illustrates the mechanism by which surfactants retard film drainage it is not physically realistic in one important respect. That can be seen by considering a material element of the film that was initially situated close to the axis. As the drops approach the element is displaced outward while being compressed, leading to a proportionality between the surfactant concentration and the height of the element ( ∝ 1/S ∝ h, where S denotes the interfacial area of the element). For sufficiently large initial film thicknesses, the whole of the film is composed of elements originating close to the axis, so that ∼ = 0 h/ h ini everywhere; i.e.,
[37] Figure 3b confirms that for the standard h * ini value of 10, Eq.
[37] is satisfied over a considerable portion of the film. Equation [37] implies that when λ * = 0 the drainage behavior depends on the value h * ini , however large, which goes against physical intuition. The origin of this paradox is the implicit assumption underlying solutions for λ * = 0 that plug flow is possible however large the film thickness. In reality, at large separations and small but nonzero λ * values, the shear stresses required to counteract Marangoni stresses are too great to be supplied without a dominant Poiseuille component. Equation ent initial concentrations, * 0 , and relatively large λ * values: (a) λ * = 10 and (b) λ * = 100. The surfactant-free and immobile asymptotes 5 for the drainage rate (Eqs. 48-50) are represented by thinner lines (the dashed line corresponds to immobile drainage, Eq. 50). For λ * = 100 film drainage is relatively close to the immobile asymptote even for surfactant-free surfaces and thus the surfactants have little effect. Figure 4 shows also that by decreasing the viscosity ratio the effect of surfactants becomes stronger. Thus the most interesting cases concern small nonzero λ * values. Below the case λ * = 1 is investigated in more detail. Figure 5 shows the evolution of the minimal film thickness (Fig. 5a ) and of the thickness of the film center (Fig. 5b) . As before, the asymptotes are represented in Fig. 5a by thinner lines-partially mobile, solid; immobile, dashed. The main feature, as explained above, is a transition from surfactant-free (in the present case, λ * = 1, it is partially mobile) to immobile drainage (see Fig. 5a ). The values of t * and h * min at which the transition takes place depend strongly on * 0 . It is seen that the mode of transition also depends on * 0 . For * 0 ≥ 0.5 the transition is much simpler, while for * 0 ≤ 0.1 an oscillatory behavior of h * min is exhibited. Similar oscillatory film drainage has been observed experimentally between colliding drops in a Couette flow in the presence of surfactant (21) . Another effect, which is stronger for * 0 ≤ 0.2 is the spontaneously swelling dimple (see Fig. 5b) . A similar effect has been obtained numerically (22) and experimentally (23) . However, in both cases soluble surfactants situated initially in the film phase have been reported to be responsible.
To investigate such effects the case * 0 = 0.2 is considered in more detail. In Fig. 6 the film thickness (a, c, e) and surfactant concentration (b, d, f) are shown in the three stages of the film drainage: flattening, t * < 40 (a, b); spontaneously swelling dimple (c, d); and the following immobile film drainage (e, f). During the drops' approach and the subsequent film formation the surfactants are convected outward by the interfacial motion (see also Fig. 7a ). This creates a gradient of * (Fig. 6b) Fig. 7a , t * = 10); however, u * u within the film is still positive. Such a radial distribution of u * u considerably increases the surfactant concentration gradient just at the periphery of the film, r * ≈ 0.75 (see Fig. 6b ), t * = 40. This initially resists the thinning of the film periphery leading to the disappearance of the dimple, which was formed at about t * = 10 ( Fig. 6a) , after which a spontaneous regrowth occurs, driven by the persisting negative interfacial tension gradient (Figs. 6c and 7b ). During this process part of the surfactant returns to the film region (Fig. 6d) , thereby diminishing the magnitude of the interfacial tension gradient and increasing the interfacial velocity u * u (Fig. 7b, t * > 54). Thus at t * > 115 the parabolic part of the film flow, which is always positive, exceeds the negative u * u and film drainage continues again (Fig. 6e) . The interface velocity u * u is still negative (Fig. 7b , t * ≥ 115), which explains why the drainage rate is slower than for immobile interfaces (see Fig. 5a ). Finally, after t * ≈ 700 surfactants are distributed in such a way (Fig. 6f) was observed while much larger concentrations resulted in a smaller, concentration-independent reduction. A detailed comparison of these results with the present predictions is not possible as the boundary conditions differ significantly from those imposed here 6 (corresponding to a time-dependent interaction force that becomes negative in the final stages of the collision). However, the explanation of negative interfacial velocities is a plausible one since these arise only at small surfactant concentrations, leading to slower drainage than in the high-concentration, fully immobilized case (compare, for example, the curve for * 0 = 0.5 with those for * 0 ≥ 2.0 in Fig. 5a or similar curves for λ * = 0.1 in Fig. 8 ). To complete the qualitative picture of the influence of surfactants on drainage at small λ * values, simulations for λ * = 0.1 have been performed. In Fig. 8 the evolution of the minimal film thickness is shown for different * 0 together with both partially mobile and immobile asymptotes. Bearing in mind that the transformation [21] does not include the continuous phase viscosity, the progression from Fig. 5a to Fig. 8 may be viewed as an increase in the continuous phase viscosity by a factor of 10 (from λ * = 1 to λ * = 0.1), keeping the other system parameters unchanged. 7 Intuitively the increase in the continuous phase viscosity cannot speed up film drainage. A comparison between Figs. 5a and 8 shows, however, that for given * 0 ≤ 0.5 the transition from partially mobile to immobile drainage starts much later for λ * = 0.1 than for λ * = 1. This indicates that in the presence of insoluble surfactant drainage can be faster for a more viscous continuous phase.
To find an explanation of this effect the case * 0 = 0.1 is investigated in more detail. Figure 9 displays the influence of λ * on (a) the evolution of the minimal film thickness and that in the center, (b) the film thickness profiles, (c) the surfactant concentration, and (d) the interface velocity. Figure 9a clearly indicates that after t * = 20 drainage for λ * = 0.1 is much faster than that for λ * = 1. An explanation can be found in Figs. 9c and 9d. Figure 9c shows the surfactant concentration profile corresponding to equal h * min for λ * = 0.1 and λ * = 1 (see Fig. 9b ). It is seen that for λ * = 0.1 the film area (r * < 1) is free of surfactants and consequently they have no influence on film drainage, while for λ * = 1 the surfactants occupy the film area too, immobilizing the interfaces (Fig. 9d) . Figure 9d shows that the Marangoni effect also immobilizes the interfaces for λ * = 0.1 but only locally around r * = 1.1, i.e., outside the film, which in fact keeps 7 We note that for λ * = 0.1, the value of h * ini was insufficient for the results to be h * ini -independent. This was not, however, important in the context of the present comparison.
the surfactants outside the film area. Thus, during the initial approach of the drops and film formation more of the surfactants are convected outside of the film area for λ * = 0.1 than for λ * = 1, keeping the film area free of surfactants and leading to faster drainage.
The Effect of the Surface Diffusion
Surface diffusion in general acts to reduce the surfactant concentration gradient and thereby the Marangoni effect. In the present section the effect of the diffusion of insoluble surfactants on the rate of the film drainage is discussed. More attention is again paid to small λ * values, where the influence of the surfactants on film drainage is stronger. In Fig. 10 we present the evolution of the minimal film thickness, h * min , for λ * = 1 and different Pe * numbers, covering the transition from the limiting cases of pure convection, Pe * = ∞, to homogeneous surfactant coverage, 8 Pe * = 0. Before discussing the results obtained it is worth briefly considering the Pe * range encountered in practice. To the first approximation the product µD s has a constant value 9 of order 10 −12 so that Pe * ∼ 10 12 σ R eq a 3 . Pe * values encountered in practice may therefore be expected to range from around 10 −2 for gentle collisions between small drops (R eq ∼ micrometers; a ∼ 10 −2 ) to around 10 4 for more forceful collisions and large drops (R eq ∼ mm; a ∼ 10 −1 ). It is seen in Figs. 10a and 10b that on decreasing Pe * (thereby increasing the influence of diffusion) the effect of the surfactant decreases, as mentioned at the beginning of the present section. The main qualitative difference between the two cases, * 0 = 1 and 0.1, is the strength of the effect of diffusion at given Pe * . Thus at Pe * = 1000 the effect of surface diffusion on the film drainage rate for * 0 = 1 is almost negligible, while that for * 0 = 0.1 is significant. An explanation is the spontaneously growing dimple in the latter case, which transports surfactant into the film area, i.e., in the same direction as that in which the diffusion works. Note that prior to the growing dimple effect (t * < 40), provided that Pe * ≥ 100, diffusion does not influence the drainage rate. As discussed at the end of Section 3.1, in the absence of surface diffusion for small viscosity ratio and initial surfactant concentration, λ * = 0.1 and * 0 = 0.1, surfactants are convected out of the film region during the initial approach of the drops and the ensuing film drainage corresponds to that of surfactantfree, partially mobile interfaces. To check the possible role of surface diffusion in maintaining or increasing the amount of surfactant in the film region computations were performed for λ * = 0.1, * 0 = 0.1, and different Pe * in the interval (0, ∞). The results show that the stronger the diffusion (smaller Pe * ) the higher the surfactant concentration in the film area. However, precisely because the diffusion is strong, the interfacial tension gradients remain small and the drainage rate in this case is hardly affected.
The Combined Effect of Insoluble Surfactants and van der Waals Forces on Film Rupture
The influence of insoluble surfactants on film rupture due to van der Waals forces is now examined. As in the previous section attention is concentrated on the case of small λ * values (λ * = 1 is considered) and negligible surface diffusion, for which the influence of the surfactant on film drainage is strong. To the first approximation the product A/σ has a constant value of the order of a molecular dimension: A/σ ∼ 1 nm. A * values encountered in practice may therefore be expected to range from as much as 10 4 for gentle collisions between small drops (R eq ∼ micrometers; a ∼ 10 −2 ) to as little as 10 −10 for collisions between large drops (R eq ∼ millimeters; a ∼ 10 −1 ). The numerical results presented cover the central portion of this range (A * = 10 −6 to 10 1 ), which includes both nose and rim rupture modes. The most important quantity with regard to the occurrence of coalescence is the time of rupture, t * c . An equivalent parameter is the critical film thickness, 10 h * c , which has the advantage that it is primarily dependent on A * in the surfactantfree case.
In Fig. 11 the evolution of the minimal film thickness, h * min , is presented for * 0 = 1 and * 0 = 0.2 at different A * values. The definitions of the rupture time and the critical film thickness are illustrated graphically in Fig. 11a by the dashed lines for A * = 10 −4 . It is seen that when van der Waals forces become comparable with the other forces they become dominant very rapidly, leading to film rupture.
In Fig. 12 the critical film thickness is shown for different values of A * and * 0 . The transition from nose to rim rupture 10 Defined as the value of h * min at t = t * c in the absence of van der Waals forces (see Fig. 11a ). occurs around A * = 0.1 . Figure 12 indicates that the critical film thickness, h * c , is only weakly dependent on the amount of insoluble surfactant on the interfaces. The reason for this is that for most of the A * values concerned the interfaces are either partially mobile or immobile. As shown elsewhere (14, 24, 25) , in both of these cases the critical rupture thickness is adequately predicted for most practical purposes by the simple formula put forward earlier by Chesters (17) :
That this is also the case when surfactant is present is to be expected: in the partially mobile case the Marangoni effect is so weak that it cannot influence film drainage and is consequently much weaker than van der Waals forces; in the immobile regime drainage is determined by the parabolic part of the film flow and even if the Marangoni effect blocks the contribution of van der Waals forces to the plug the parabolic part is virtually unaffected by the surfactant.
During the transition between partially mobile and immobile interfaces the minimal film thickness in general increases (see Figs. 5a and 8) and rupture is therefore unlikely to happen. This is the case, for example, for the A * = 10 −4 curve in Fig. 11b . The influence of Marangoni forces during the rupture process is nevertheless sufficiently strong for the corresponding point in Fig. 12 to deviate noticeably from the others at this A * value. Based on the results presented in Fig. 12 , see also (25) , it can be concluded that the approximate relation [38] (represented by the dashed line in Fig. 12 ) provides a good first approximation in the case of rupture of a film between drops in the presence of insoluble surfactant. As in the case of clean interfaces at arbitrary viscosity ratio λ * , see (25) , the empirical relation
gives better fits than [38] (i) The influence of surface diffusion on film drainage may be neglected.
(ii) h c is much smaller than the film thickness at which flattening occurs.
Since the influence of initial conditions is negligible, film drainage is then governed by the two parameters λ * and * 0 .
FIG. 13.
Schematic representation of film drainage in the presence of surfactant in the limit of large Pe * and small A * . Initially drainage corresponds to that of a surfactant-free system but at a later stage it undergoes a transition to that for immobile interfaces. As discussed earlier, the transition itself is typically accompanied by negative interfacial velocities that pull liquid back into the film, causing the dimple both to swell and to become more pronounced. Film rupture occurs when h * min falls below h * c , the latter being given approximately by [39] . To a first approximation, therefore, drainage may be idealized as following the heavy line ABCDE in Fig. 13 . As noted in Section 3.3, rupture will not in general occur during the transition process so the slope of the portion BC is immaterial, rupture either occurring before the point B or after the point D (the case shown in the figure), depending on whether h * B is smaller or larger than h * c . When some critical surfactant concentration, * crit , is exceeded h * B becomes larger than h * c and t * c jumps from that in the surfactant-free case to that for immobile interfaces. For λ * values of order 10 or less this jump corresponds to a relative increase in t * c of one or more orders of magnitude, turning a coalescing system into a noncoalescing one unless the drops have unlimited contact time.
A quantification of this picture can be achieved by plotting log(t * c ) against log( A * ) for given values of λ * and * 0 , as illustrated in Fig. 14 Making use of the transformation relations [21] , together with the surface equation of state, [20] , [42] can be written as
Equation [43] has the same form as the relation obtained from a simple plane-film model. Thus, for a plane film with immobilized interface, the shear stress exerted by the dispersed phase on the interface is zero (since there is no flow in the drops) and the shear stress, τ , exerted on the interface by the film is balanced by a gradient of interfacial tension:
[44]
τ is related to the pressure gradient via [4] Although [47] has the same form as [43] it underpredicts the critical surfactant concentration by a factor of 1/C, i.e., about 5. Finally, in view of (ii), the final, rate-determining phase of drainage is well described by the power-law relation (16) 
11 A smaller C value is obtained when λ * = 0.1. This, however, is due to the fact (mentioned in Footnote 7) that the value of h * ini used in this case is too small to achieve h * ini independence of the results. Depending on whether the surfactant concentration is above or below the critical level, the drainage time is thus given respectively by [48] or [50] , with h * min set equal to h * c , which in turn may be approximated by [39].
FINAL DISCUSSION AND CONCLUSIONS
This paper presents a numerical exploration of the influence of the four dimensionless groups governing constant-force axisymmetric film drainage and rupture in the presence of insoluble surfactant. For drops in the millimeter size range the influence of diffusion is typically negligible, while the influence of van der Waals forces can be described by an approximate relation for the critical film rupture thickness. Drainage is then virtually unaffected by the presence of surfactants down to some film thickness, h trans , at which a transition to immobile interfaces sets in. Although the details of this transition are typically complex, involving a (possibly oscillatory) swelling of the dimple as interfacial-tension gradients pull liquid back into the film, its influence on the rupture time can be captured to the first approximation by a simple expression for the critical surfactant concentration, crit (Eq. 42). If 0 < crit drainage is virtually unaffected by the presence of surfactant, while if 0 > crit drainage closely resembles that for immobile interfaces and is orders of magnitude slower. In both cases analytical approximations exist for the drainage time: [48] for surfactant-free behavior and [50] for immobile behavior. We note that as the expression for crit does not involve the dispersed-phase viscosity it may well apply to bubbles also (the explanation being that since the interface is immobilized there is no flow in the adjacent drop phase, whose viscosity is thus without influence).
For smaller drops the influence of diffusion becomes significant, alleviating gradients in surfactant concentration, thereby reducing the effect of surfactants on drainage. For sufficiently small Péclet numbers (of order 1 or less) the effect of surfactants is virtually eliminated and the system behaves as a surfactantfree one with a slightly reduced interfacial tension. No attempt has been made to extend the large-drop model to include the effect of diffusion, the situation for small drops being further complicated by the fact that rupture often occurs before the asymptotic drainage expressions [48] and [50] become applicable.
